We study the interplay between a deterministic process of weak chaos, responsible for the anomalous diffusion of a variable x, and a white noise of intensity =. The deterministic process of anomalous diffusion results from the correlated Quctuations of a statistical variable ( between two distinct values +1 and -1, each of them characterized by the same waiting time distribution @(t), given by @(t) t " with 2 ( p, ( 3, in the long-time limit. We prove that under the influence of a weak white noise of intensity =, the process of anomalous diffusion becomes normal at a time t, given by t, 1/:-~t"l. Here P(p) is a function of p, which depends on the dynamical generator of the waiting-time distribution vtr(t) We der. ive an explicit expression for P(p) in the case of two dynamical systems, a one-dimensional superdifFusive map and the standard map in the accelerating state.
I. INTRODUCTION whose Fourier transforms have the form
The deterministic approach to anomalous difFusion has been intensively studied in the last few years by several groups [1 -3]. The map originally introduced by Geisel and co-workers [1] is now regarded [4] as the prototype for deterministic dynamics leading to anomalous diffusion faster than ordinary Brownian motion. It is a onedimensional map driving the motion of a variable, which can be thought of as the velocity of a diffusing particle whose position is given by the variable x itself.
In the continuous time limit we have d, =&(t) (1) and the map of Ref.
[1] makes the variable ( fluctuate between the two states, ( = 1 and ( = -1. The sojourn time in each state is characterized by the distribution g(t), which has the inverse power-law structure lim g(t) = const (2) in the long-time limit, with p & 1. Here we focus our attention on the range 2& p, (3.
This choice is determined by two distinct but related reasons: (i) The range of Eq. (3) has been proved [2, 3] to correspond to the dynamical realization of an o, -stable Levy diffusion process. We remind the reader that Levy processes of diffusion are [5, 6] a generalization of Brownian motion, characterized by distributions p(z) (4) with the parameter o. in the range 0 & o. ( 2. The deterministic approach of Refs. [2] and [3] connects n and p via the relation n = p -1. Thus, the region given by Eq. (3) corresponds to the parameter o. ranging from n = 2 (Gaussian difFusion) to o. = 1 (ballistic motion) and this range of the parameter has been shown to be compatible with an equilibrium dynamical realization of Levy processes. Moreover, the recent investigations of many groups [4] suggest that Levy processes are as ubiquitous as the Brownian motion itself.
(ii) The theoretical investigations of Refs. [2, 3] have shown that the asymptotic properties of a process of anomalous diffusion are independent of the details of the dynamical generator of the distribution g(t) and that they depend only on the time asymptotic property of (2) . The standard map in the accelerating state is proved [7, 8] to result in a waitingtime distribution in each of the two accelerating modes with the same inverse power structure as that of (2) with the index p fulfilling the condition (3) . Thus, the anomalous difFusion generated by the standard map "coincides" with the one generated by the map of Geisel, Nierwetberg, and Zacherl [1] if the index p is the same, and both are a dynamical realization of a Levy process. The main purpose of this paper is to study the transition from anomalous to normal diffusion triggered by environmental fI.uctuations.
In the literature there are already investigations of this kind [9, 10] (a) As already pointed out in [9] the Hamiltonian dynamical realization of a process of anomalous diffusion in complex systems implies the interaction of the source of the inverse power-law distribution with a virtually infinitely large number of degrees of &eedom. This leads to a transition &om the inverse power-law behavior of (2) to an exponential decay. In Ref. [9] this transition was assessed numerically and the focus of the paper was on the dependence of the resulting diffusion coeFicient on this crossover time with no discussion of how this crossover time depends on the intensity of the environment fluctuations. The purpose of this paper is to establish this dependence by means of a simple analytical expression.
(b) According to recent theoretical work [4] , the roots of anomalous diffusion in Hamiltonian systems rest on the self-similar properties of the region at the border between the chaotic sea and the accelerating islands. Self x"+i --g(x"),
with g(x) = x+ ax' -1, (8) where the constant a is given by a = 2 .
The reduced map, which is obtained iterating separately the motion within each unitary cell and the motion between cells, is defined as [2] y-+i = g*(y ), N"+i --N"+ g(y"), (9) where 0 & y & 1 and x = y +N (see Fig. 1 ).
To simulate the interaction with the environment we perturb the deterministic dynamics of Eqs. (7), (8) , and (9) adding a Gaussian white noise of (small) intensity The discrete-time dynamical model studied here is one of the two discussed by Zumofen and Klafter [2] , originally introduced by Geisel, Nierwetberg, and Zacherl [1] . We focus on the map they used to discuss anomalous diffusion that evolves faster than normal (superdiffusion). 
The motion in the regions I, J has a regular (laminar) This is equivalent to defining g(yo, t) as
where 0(z) is the usual step function.
Assuining, as is usually done [2] , that the particles are uniformly injected in the laminar region, we obtain
The laminar motion is interrupted by short phases of chaotic motion, corresponding to iterations in the cen- The quantity we are interested in is the distribution of sojourn times in the interval I, in the presence of noise.
We shall solve the problem, making the following simplifying assumption: the interval Iq corresponds to a region where the dynamics is dominated by difFusion, while the interval I2 corresponds to a region where the dynamics is dominated by the deterministic motion (9) . This is so because while the deterministic dynamics slows down as we approach y = 0, the dynamics induced by the noise is independent of the point in I we consider. The problem of a proper definition of b, i.e. , the boundary between the interval Ii and the interval I2, will be tackled later.
I et us first show how to express the distribution of sojourn times g(t) in the interval I in terms of upi(t) and $2(t), the waiting-time distributions relative to the intervals Ii and I2, respectively. Let g(yo, t) be the distribution of sojourn times in the interval I if the particle is located at yo at t = 0. We also introduce gi(yo, t) and g2(yo, t), the distributions corresponding to the sojourn in Ii and I2 with yo belonging to I~and I2, respectively.
If yo belongs to Ii, the particle will move within Iq under the infIuence of diffusion, it will reach the border with I2 and then it will move within I2 driven by the deterministic motion. Notice that the motion in the laminar phase takes place only in one direction, from within the two laminar regions towards the central chaotic region. 
This is equivalent to expressing @(t) as follows:
. (20) Let us now address the problem of evaluating gi(t) (the same calculation has been carried out by Agmon and
Weiss in Ref. [12] ). First, we note that the probability of finding the particle at y if it was initially placed at The solution of (21), with a refiecting boundary condition at y = 0 and an absorbing boundary condition at y=b, is [12] where T(yp) is the time it takes a deterministic trajectory driven by the unperturbed map to reach the border b from the initial position. T(yp) turns out to be (27) Using (23) and (24) We would like, now, to establish a connection with the results of a preceding paper of our group [9] . In that paper it was proved that if the long-time behavior of @(t), exhibiting at intermediate times an inverse power-law behavior like that of (2) , is dominated by the exponential 5914 FLORIANI, MANNELLA, AND GRIGOLINI behavior g(t)
exp( -et), then in the asymptotic time limit we will recover standard difFusion with a diffusion coeKcient that is proportional to eI' . We want to prove that the theory developed in this section fits this result. Let us note first [9] that in the long-time limit of Refs. [9] and [10] 
(~(t)~(t )) = b(t -t ).
(53)
It is known that the scaling properties of the intermittent transition from chaos to regular motion that takes place at a tangent bifurcation can be described by a renormalization-group (RG) equation [13] (the original idea of a RG approach to the study of period-doubling bifurcations is due to Feigenbauin [14] ). The scaling theory tells us that a characteristic time of the process t(:-) rescales as liin(t ) 8 -+0 Thus we find Rom (45) and (38) that (48) where the exponent v is calculated by solving and linearizing the corresponding renormalization-group equation. The analysis carried out in [13] gives
Identifying e with:-i/(~) [see Eq. (40)] we recover the result of the preceding paper [9] . We remark that the transition &om anomalous superdift'usion to normal diffusion results in an enhancement of the difFusion coeKcient "(" )/'( " ), which is proportional to an inverse power of the small noise intensity ".
We note that the result (49) is consistent with the predictions of [10] . In fact, the physical situation discussed in that paper in the case where the map displays intermittent behavior is the same discussed here in the particular case z = 2(p = 2). It is immediate to verify that the prediction for the diffusion coefficient given by Eq. (34) of Ref. [10] is the same of Eq. (49) with p, = 2.
At first sight, the two-state approximation used in this section seems too drastic to provide accurate predictions. However, we think that its description of the asymptotic properties is correct, as the recovery of the prediction C(z -1) z+1 (55) Using (13) This is quite satisfactory and it encourages us to apply the two-state approach of Sec. II to the case of the standard map in its accelerating modes [6] [15) . We now recall the physical picture on which this model rests [16] . It is known that the phase space of a nonintegrable Hamiltonian system with two degrees of freedom consists of a mixture of regular components, in which the motion is quasiperiodic, and irregular components, in which the motion appears to be chaotic. Every island of stability in the chaotic sea is encircled by a set of cantori (cantori are the remnants of destroyed invariant tori, through which orbits must weave). The cantori that have a sufBciently irrational rotation number have a small flux across them and act as barriers to transport; they form a sequence converging to the boundary circle of the island, which is believed to always be a critical KAM torus. Critical tori exhibit scaling properties that also imply scaling for the fluxes across the encircling low-flux cantori.
In the model for transport developed in [15, 16] the transitions take place between states corresponding to the regions of phase space whose boundaries are two successive low-flux cantori. The motion of an orbit trapped in a state is regarded as random, and successive transitions are assumed to be uncorrelated. This means that the dynamics can be described by a Markov chain. The transition probability from the ith to the jth state is given by the environment-induced diffusion. As in the case of the one-dimensional map of Sec. II, it is reasonable to expect that the resulting waiting-time distribution will behave as t q(t) exp~-tN)
A~oc (65) The dependence of N on the noise intensity can be determined by noticing that the connection between t~and. 
It is clear that Eq. (68) The speed of the deterministic motion becomes slower, increasing the index i of the state considered, which is equivalent to the particle entering more and more deeply inside the &actal region at the border between the chaotic sea and the accelerating island. The role of the environment fluctuation given by the stochastic force appearing in (57) is to produce a slow difFusional motion all over the phase space available to the particle. However, there must exist a given integer N such that the deterministic dynamics of the map for i )N must become slower than It must be stressed that the relation (66) Fig. 2 as dots, for the same value of p and different noise intensities.
We fitted the distribution of exit times with an exponential function (see the solid line in Fig. 2 ), and then we derived, via a power-law~It, the dependence of the crossover time on the noise intensity.
The comparison between the numerical results for the function P(p) and the theory [Eq. (43)] is shown in Fig. 3 In this case it proved not very accurate to derive the crossover time directly: we decided then to look instead at the diffusion coefBcient, which is directly connected to the crossover time [see Ref. [9] or the derivation leading to Eq. (49)]. For the sake of clarity, though, we will always express the numerical results in terms of P(p).
We picked a number of initial starting points, making sure they were not within the periodic islands, and iterated them forward, computing the second moment of the variable x. Then, in the region where normal diffusion was established. , we fitted a straight line to the second moment evolution, and derived a diffusion constant. Repeating the procedure for a number of different noise intensities we finally derived the dependence of the diffusion coefFicient on the noise intensity =. Finally, we "rescaled" the result in terms of a power expressing the dependence of t on the noise intensity.
We found that for K = 6.91150, for which p 2.667 [4] , the simulations yield P(p) = 0.604, and for lt = 6.47168, for which p, = 2.302 [4] , the simulations yield P(p) = 0.8673. Theoretically, from Eq. (70), we would expect P(p) = 0.600 in the former case and P(p) = 0.7681 in the latter case. We think that also for this system, although the dynamics is much more complex than in the previous case, the simulations agree well with the theory. In the case of anomalous diffusion, on the contrary, as pointed out in [9] , the difFusion coefBcient of the process, after the transition Rom anomalous to normal diffusion took place, is anomalously large.
A further relevant aspect of this result is the sensitivity of the long-time regime of normal diffusion on the details of the dynamical generator. There is a general agreement on the universal nature of these processes: this means that different dynamical generators with the same waiting-time distribution lead to the same diffusion process. The effect of an environmental perturbation on an anomalous process of diffusion implies that the universal nature of the process is lost and that the crossover time (71) (and, consequently, the resulting difFusion coefficient [9] (72) and (73)]. This suggests that the transition to normal diffusion should be more sensitive to quantum than to thermal fluctuations. This is an interesting aspect requiring further investigation.
Et seems, however, that through the response to fluctuations it is possible to get information on the microscopic details of the dynamical generator, in spite of the universal character of the process and of the supposed independence of the macroscopic diffusion &om microscopic dynamics.
[1] T. Geisel, J. Nierwetberg, and A. Zacherl, Phys. Rev.
Lett. 54, 616 (1985) .
